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ABSTRACT 
In this paper, we gave the well-known classification of transitive abelian 
groups of prime-power order before analyzing the structure of their 
permutation modules over fields of characteristic p. For a given prime 
number p, we have analysed the structure of the permutation module on 
characteristic p associated with transitive abelian p-groups of degree pm (m 
≥1). 
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INTRODUCTION 
Let G be a p-group acting transitively and faithfully on a set Ω of size pm, m ≥1 and let F be a 
field of characteristic p. Define the descending Loewy series of the FG-module FΩ as FΩ = J0 > J1 

> J2 >…> Jl-1 > Jl = {0} where for 0 ≤ s ≤ l, Js+1 is the smallest submodule of Js such that G act 
trivially on Js/Js-1. We also define the ascending Loewy series of FΩ dually as {0} = Al < Al-1 < 
…< A1 < A0 = FΩ where for 1 ≤ s ≤ l, Ts-1 is the largest submodule of FΩ containing Ts such that 
G act trivially on Ts-1/Ts. 
 
As an immediate consequence of the above definitions the following can de deduced: 

1. The descending and ascending Loewy series of FΩ, as we have already used in our 
notation, have the same length l. For the descending Loewy series FΩ=J0 > J1 > …> Jl-1 > 
Jl = {0} of FΩ we have that for 1 ≤ s ≤ l, Js is the Jacobson radical of Js-1 and Jl-1 is a one-
dimensional submodule of FΩ (the so-called trace submodule); moreover J1 is a 
submodule of co-dimension one (the augmentation). 
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2. Each term of the descending and ascending Loewy series of FΩ is characteristic. Indeed 
fully invariant, in that if ψ: X Y is a homomorphism of FG-modules, then 
 ( ) ( )i iJ X J Y  ; ( ) ( )i iA X A Y  . In addition, for the descending Loewy series, 
if ψ is subjective then ( ) ( )i iJ X J Y  . 

3. Let J be the radical of FG where FG is considered as a module over itself. 
Then ( ) s

sJ F J  ; moreover, for 1 ≤ s ≤ l, As is the submodule of FΩ annihilated by Js 
but not Js-1. 
 

Lemma1: 
Let G be an abelian group of order pn (n ≥ 1). Then G is a direct product of say k cyclic groups: 

1 2 ... kG G G G     where for some giGi, we have that i iG g   and ig  has order in
p , 1≤ i ≤ 

k; moreover 1 2 ... kn n n n    . 
 Let F be a field of characteristic p. Then the group ring FG is isomorphic to the quotient ring 

1 2

1 2 1 2[ , ,..., ] / ( , ,..., )
nn n kp p p

k kR F x x x x x x  of polynomial ring 1 2[ , ,..., ]kF x x x  over F, where 
1 2

1 2( , ,... )
nn n kp p p

kx x x  is the ideal generated by the set{ :1 }
nip

ix i k  . 
 
Proof: The first part is a fundamental theorem of abelian groups. As such, we only need to 

prove the second part. 
 
Let 1 2{ , ,..., }kx x x  be distinct indeterminate over F. The mapping : 1i ix g   ,  
1 ≤ i ≤ k can be extended to a ring homomorphism ψ: RFG, as can be verified quite readily. 
Also ψ is subjective since for each i with 1 ≤ i ≤ k we have 
that ( 1) ( ) (1) 1 1i i i ix x g g        . And as F has characteristics p, we see 
that ( ) ( 1) 1 1 1 0

n n ni i ip p p

i i ix g g        . Thus the ideal 1 2

1 2( , ,..., )
nn n kp p p

kx x x  is in the kernel 
of ψ. Furthermore, the monomials 1 2

1 2{ , ,..., : 0 }jk
nii i

k jx x x i p   are linearly independent and they 
span R. Thus they form a basis for R over F. Moreover since there are jn

p  choices for each of 
the ji , we have that 

1

dim j

j

n n

i k

R p p
 

  . But also dimFG = pn. That is R and FG has the same 

dimension and accordingly R  FG. 
 
The Classification of Transitive Abelian P-Groups 
We find it necessary to give the following well-known classification of transitive abelian 
groups of prime-power order before analyzing the structure of their permutation modules over 
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fields of characteristic p. Let Ω denote a set of size pm (m ≥1) and G be a p-subgroup of Sym (Ω); 
G is always faithful on Ω. Let G act transitively on Ω denote the centre of G by Z. Observe that G 
is semi-regular on Ω and so its order is equal to the size of its orbits. Accordingly |Z| is at most 
pm. When G is abelian it is evident that G act regular on Ω and the centre of G has order pm. 
Conversely, suppose that |Z| = pm. Choose and fix an arbitrary element αΩ and define L = Gα. 
By the faithfulness of G on Ω no non-identity normal subgroup of G is contained in L. Thus L∩ Z 
= 1 and we may form LZ. By transitivity of G, we have that pm = |G:L| = |Z| and so G = LZ. 
This mean that L is normal in G and as such L = 1. Consequently G = Z. We have, therefore, 
shown that G is abelian if and only if its centre has order pm. Now the number of different 
abelian groups of order pm up to isomorphism, is the number of partition π(m) of m. But G 
must be one of these acting regularly. Therefore, there are, up to equivalence, π(m) distinct 
different number of faithful transitive p-groups of degree pm whose center has order pm. And 
certainly  
π (m) < m if m ≤ 3 and π(m) > m if m ≥4. 
 
The Permutation Modules for Transitive Abelian P-Groups 
For the remainder of this paper, G is an abelian p-group, Ω is transitive G-space of size pm (m 
≥1), and F is a field of character p. We prove that the ascending Loewy series of FΩ coincides 
with its descending Loewy series. The detailed descriptions of these series are also given. We 
begin by setting up some useful notation. Since G is abelian and transitive it follows that G is 
regular on Ω. So |G| = |Ω| = pm and we may identify G with Ω (and hence FG with FΩ). Thus we 
shall henceforth talk of the ascending and descending Loewy series of FG in place of those of 
FΩ. Also, using lemma 1, we see that G is the direct product of say k cyclic 
groups, 1 2 ... kG G G G     where for each i with 1 ≤  i  ≤ k we have that i iG g   for some 
gi in Gi and gi has order im

p ; moreover 1 2 ... km m m m    . Also following the same lemma , 
we may think of FG as the ring of polynomials: 1 2

1 2

1 2

, ,..., 1 2... ... ,k

k

k

ii i

i i i k

i i i

a x x x   where 
1 2, ,..., ki i ia  are in 

F and the variables xi are some distinct indeterminate over F satisfying the conditions 0,
mip

ix   
1 ≤ i ≤ k. Furthermore, the action of gi on FΩ is by multiplication (1 + xi). 
 
In view of the set up, we prove the following result 
 
Theorem  
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Let G be an abelian p-group acting transitively on a set Ω of size pm ( m ≥ 1) and let F be a field 
of characteristic p. Then the ascending and descending Loewy series of FΩ coincide. Moreover, 
these series coincide 0 1 2 1... {0}l lF A A A A A        where 

1 2

1 2( ... : 0 , )jk
mii i

r k j jA span x x x i p i r     for all r such that 0 ≤ r ≤ l-1; and 
1

1 ( 1)i

k
m

i

l p


   . 

As such the Loewy length of FΩ is l. For the proof we require a lemma. 
 
Lemma 2: 
The descending Loewy series of FΩ is 0 1 2 1... {0}l lF A A A A A       . 
 
Proof of Lemma 2: 
Indeed let r be arbitrary but fixed (0 ≤ r ≤ l-1) and denote Jr+1 the radical of Ar. Choose any 
element of f in Ar. For any (1 )ig i k  we have that (1 )i i ifg f x f fx    . But ifx  lies in Ar+1. 
Thus 1 1( )r i rf A g f A    ; and so since the gi generate G, G acts trivially on 1/r rA A  . By 
definition Jr+1 is the smallest submodule of Ar such that G acts trivially on 1/r rA J  . As a result 
we see that 1 1r rJ A  . Now for each gi and for any f in Ar we have that 1 1( )r i rf J g f J    . 
Therefore, each (gi-1) acts as a zero on f. That is f (gi-1) lies in 1rJ  . In other words ifx  is in 

1rJ   and this holds for all xi, 1≤i≤ k. Thus 1 1r rA J   (0 ≤ r ≤ l-1). Furthermore, by definition; 
1 2

1 1 2 1 2{ ... : ... 1}kii i

l k kA span x x x i i i l       , and as each ji  is  less than or equal to ( 1)jm
p   we 

must have that 1,jm

ji p  1≤i≤k. As such, 1lA   1 1 1

1{ ... }
mm kp p

kspan x x   and Al = {0}. This proves the 
lemma. 
 
Proof of Theorem  
Recall that the descending and the ascending Loewy length of F are equal. So, let 

1 2 1 0{0} ...l lM M M M M F         be the ascending Loewy series of FΩ. To prove our 
theorem we need to show that Mr = Ar for all r such that 1 ≤ r ≤ l-1. Let 

1 2

1 2

1 2

, ,..., 1 2... ... k

k

k

ii i

i i i k

i i i

f a x x x   be in 1lM  . Then, by definition ifg f  for any ig ,1≤ i≤ k. 

Therefore ( 1) 0.if g    That is 0ifx   for all i, 1 ≤ i ≤ k; and consequently f belongs 
to 1 21 1 1

1 2{ ... }
mm m kp p p

kspan x x x    since the gi generate G. Thus 1 1l lM A  . By definition, Ml-1 is the 
largest non-zero submodules of FΩ on which G acts trivially. Hence we also have that Al-1 ≤ Ml-

1. As such Ml-1 = Al-1. Now suppose that Ar = Mr for some 2 ≤ r ≤ l-1. Then by definition, Ar-1 ≤ 
Mr-1. Let f = 1 2

1 2

1 2

, ,..., 1 2... ... k

k

k

ii i

i i i k

i i i

a x x x   be in Mr-1. Then for each gj with 1 ≤ j ≤ k, we have 
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that ( 1)j rf g M  ; that is j jfx M  for all j, 1≤ j ≤ k. Thus for an arbitrary but fixed j with 1 ≤ 

j ≤ k, we have that 
1

( )
k

s js

s

i r


  . That is 
1

(1 )
k

s

s

i r


  . Accordingly, 
1

( ) 1
k

s

s

i r


  . This show 

that f is in 1rA   and so 1 1r rM A  . Hence 1 1r rM A  . The theorem now holds by induction. 
       We now obtain some relationship between the dimensions of the factors of the Loewy 
series of the FG-module F. All our notation will be as used for any r with 0 ≤ r ≤ l, 

define 1 2

1 2

1

{ ... : 0 }jk

k
mii i

r k j j

j

H span x x x i p and i r


    . Then rH  is the space of homogeneous 

polynomial of degree r and r j
j r

A H


  . Moreover, 1 1 /r r rH A A   (1 ≤ r ≤ l). The FG-module, 

FΩ, is self-dual and dualising its descending Loewy series gives us its ascending Loewy series. 
These two series coincides. Hence, we must have that the dual, 

rA  of rA  coincide with l rA   (1 ≤ 
r ≤ l-1). Thus 

r r l rA A A

   and as such 1 1/ /r r l r l rA A A A    . That is 1r l rH H    (0 ≤ r ≤ l). 
Accordingly, we obtain the following corollary to theorem.   
 
Corollary 
Let { : 0 }rH r l   be sequence of factors of the Loewy series of FΩ and define 1dimi id H  , 1≤ 
i ≤ l. Then 1i l id d   . 
 
CONCLUSION 
Suppose that in the Theorem we have the special case: 1iM   for all i such that 1≤ i ≤ k. Then k 
= m and G becomes an elementary abelian p-group of rank m. In addition the Loewy series of 
the group-ring FG is 0 1 2 ... {0}lFG J J J J       
where 1 2

1 2{ ... : 0 1,1 }kii i

r k j jJ span x x x i p j mand i r       for all r such that 0 ≤ r ≤ l-1 
and  
l = 1 + m(p – 1). Conversely, suppose G is a P-group of order pm and F is a field of 
characteristic p. If the Loewy length of the group-ring FG is 1+m(p-1) then G is elementary 
abelian. The problem of describing the descending and the ascending Loewy series of the 
permutation modules of non-abelian transitive p-groups in characteristic p is not easily solve. 
Perhaps the best way to go round it is to consider groups of small degree.  
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