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ABSTRACT
Isotope shift has played vital role in the understanding of atomic spectra. In
this work, we determine the isotope shifts in the ground states and first excited
states of light and heavy nucleus of single-electron and single-muon atoms,
caused by the fact that the nucleus has a finite size distribution of charge. The
results showed that the isotope shift due to the finite size of nucleus is
increasing with the size of the nucleus for both single-electron and single-
muon atoms. The results also showed that the isotope shift is very small for
electron atoms as compared to the muon atoms. The difference could be
attributed to a difference in the size of the nucleus and effective interaction
orbiting particles (electron or muon) with the atomic nucleus. This study may
also improve the knowledge of isotope shift for both light and heavy nucleus of
single-electron and single-muon atoms caused by the fact that the nuclear has

a finite size.

Keywords: Muon, Single-clectron Atom, Single-muon Atom, Isotope Shift,

Nuclear Size.

INTRODUCTION

The correction to the energy of the atom due to the finite size of the nucleus
leads to the isotope shift between the energy levels of two atoms with nuclei
that have the same atomic number Z but different mass numbers 4 [1-3]. A

large number of publications exist relating to both nuclear size effects and the
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isotope shift (see, for example, [4-7]). Recent measurements by Garching [4]
and Paris [8] have greatly improved our knowledge of the isotope shift
between deuterium and normal hydrogen. Due to their much increased
precision [9,10], these measurements now rival the traditional relativistic
electron scattering [11] for determining the nuclear sizes of these isotopes and
their differences. This new level of precision has led to a reexamination of
many contributions to the level shifts [12,13] and to the calculation of higher-

order Quantum Electrodynamics processes [14].

A muon is a negatively charged elementary particle from the lepton family
with a mass that is about 207 times that of an electron. Muonic atom is an
atom in which one of the electrons has been replaced by a negatively charged
muon [15-17]. The atomic properties are strongly affected by the orbiting
particle mass m [18-20], e.g., the Bohr energy scales linearly with 2 while the
Bohr radius as 1/m. Because of the very large mass of a muon compared with
an electron, the muonic wave function has a large overlap with the nucleus
[21] this enhanced the nuclear size effect [22,23] and thus significantly altered

the familiar spectra associated with that atom [1,15].

The present paper intends to improve the knowledge of isotope shift by
determine its magnitude in the ground states and the first excited states for
both light and heavy nucleus of single-electron and single-muon atoms
caused by the fact that the nuclear has a finite size. This may lead us to a better
understanding of isotope shifts in both light and heavy nucleus of single-
electron and single-muon atoms caused by the fact that the nuclear has a

finite size.

THEORY
The Point Charge Potential
In an elementary picture, the motion of an orbiting particle in simple

hydrogen can be extracted from the well known Schrodinger equation of the
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hydrogen atom [24]. The energy levels of an electron can be found from
quantum mechanics by solving the Schrodinger equation in spherical

coordinates, using Coulomb’s law for the potential energy [25].

U(r) =2 (1)

According to Schrodinger equation, the energy levels of an electron in the

electrostatic potential (1) of a fixed point charge +Ze are given by:

E, = —_Zme’ 1 n=1,23, .. 2)

2h2%(4meg)? n?

where m, and e are the electronic mass and charge, respectively [26] and #z is
termed the principal quantum number. This solves the problem of determining

the energy levels of the discrete spectrum in a coulomb field (1) [27,28].

Finite Size Nucleus

It is well known that the discrete eigenvalues of the Coulomb potential closely
approximate the bound state energies of a single-electron atom. On the other
hand, the unphysical infinity in the 1/r potential at the origin makes it
necessary that this potential be modified for values of rinside a region about
the origin that can be identified with the nucleus of the atom. The resulting
energy shifts produced by the nuclear size effect are dependent only on the
assumed form for the potential energy inside the nucleus [23]. The potential

for a finite-size nucleus is given as [15,29,30].
3

2 2
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where R = r,A}>, with 1, - 1.2 x 10" m.

In the case of electronic or light muonic atoms, the magnitude of the nuclear
size effect allows the nuclear size correction to the energy levels to be
accurately calculated by the use of perturbation theory [2,31]. Since the
electron wave function varies slowly over the nuclear volume, the energy of an
electron in a state ., will depend partly on the expectation of the potential
[30,32].

AEnim = flp;kllm{U(R) - U(r)}lljnlmd'[
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For the 1sand 2slowest state, we have [26].
3

e = () Zeere

Ao

3

b= (@ a5

The energy level shifts AE,,, due to the finite size of nucleus can be calculated

- Z1/20

using (5). Taking the approximation r<< a4, ie., ¢ =~ 1 and assuming the

wave function to remain constant over the region of integration, we obtain:

AEls - Zhe? 41 fwls {ZRZ - ; - _} 1!’157‘

— 0. 8|E |Z* (—)2 (62)
My = 2% am [ s (-2 -y, r2ar

=025l 7 (ao)2 (6h)

We can write the energy level shift for muonic atoms as.
2
AEY = 0.8|E,|Z* (i) (74)
ay

2
AEY = 02|E”|Z4() (7h)
Au

where the ground state energy for electron and muon atom are respectively:

Z%e?
E, =2 =136eV (8)
_ Ze? k 9
EM = E = 2.8 keV ( )

where ay = 5.29 x 107" mand a, - 2.56 x 10"'° m is the Bohr radius for
electronic and muonic atom respectively. Equations (64), (65), (74) and (7D)
solve the problem of determining the 1sand 2s energy levels of the discrete
spectrum in a finite size potential (3) of both electron — atom and muon —

atom.
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The Isotope Shift
If we have AE, and AEj; as the energy shifts in the 1sand 2sstates in different
isotopes A and A with finite size nucleus, then their isotope shift §£ can be

measured using

SE = AE4 — AE, (10)
Hence:

8Eys = 5.6 x 107°2*(47° — A7) (11)

8Eys = 3.5 x 1071024( A2 — 43°) (12)

We can write the isotope shift for muonic atoms as.

SEf, = 4.92 x 10722%(4F° - 43°) (13)
SEY, =3.076 x 107324(A3" — 43°) (14)

Equations (64), (65), (74) and (75) can be used to calculate the energy shifts in
the ground states (1) and first excitation states (25) due to finite-sized nucleus

of electronic and muonic hydrogen-like atoms respectively.

DISCUSSION
The energy shifts in the ground states (1s) and first excitation states (2s) of
electronic and muonic hydrogen-like atoms are calculated using (64), (65),

(74) and (7 ) and their values are represented in Table 1.
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Table 1: The Energy Shifts in the Ground States (1s) and First Excitation States
(2s) of Electronic and Muonic Hydrogen-Like Atoms with their Isotopes

N}\Jclei R (fm)

Electronic Atoms

Muonic Atoms

Xz AEis (eV) AE, (eV) AEY (eV) AE} (V)
H, 1.2000 0.5598x%107° 3.4987x10™7 0.4922x10" 3.0737x10
H, 1.7307 1.1645%10® 7.2784x100 1.0238%10™ 6.3986x10°
®Li;  2.1805 1.4973x10° 0.9358x%10”’ 1.3158x10"* 8.2270x10™
Li;  2.4961 1.9618x10° 1.2261x10” 1.5941x10** 9.9633%10*

“INa;;  3.3107 6.2391x10™ 3.8994x10° 5.4829x%10™" 3.4260%10™"
Na;;  3.4126 6.6291x10™ 4.1432x10° 5.8258%10* 3.6456x10™*
"Ags;  5.6969 6.1572x10" 3.8482x10” 5.4110x10" 3.3816x10™
A9,  5.7322 6.2333x10™ 3.8961x10% 5.4782x10" 3.4255x10™
BlEye;  5.6969 2.5015%10° 1.5633%x10* 2.1975%10" 1.3736%x10"°
1¥Eye;  5.7322 2.5235%10° 1.5773%10* 2.2171x10" 1.3863%10"°
2Bphg,  5.7322 8.3262x10° 5.2042x10* 7.3537x10"" 4.5716%10"°
2®phg,  5.7322 8.3810x%10° 5.2381x10* 7.3631x10" 4.6017x10%°
*®Ugy 57322 1.5278x10** 9.5482x10* 1.3422x10"® 8.3889x%10™°
28y,  5.7322 1.5407x10** 9.6292x10* 1.3536%x10"® 8.4606x10"°

TABLE 2. The Isotope Shifts for Single-Electron and Single-Muon Atoms

Nuclei SE15(eV) SE,4(eV) SEY. (eW) 8E, (€eV)

SH-'H 6.0486 x 107 37803 x 107" 53162x 10* 3.3249 x 107°
OLi-CLi 3.1630 x 1077 1.9769 x 10 27835x10°  1.7397 x 10!
“Na-*'"Na  3.9000 x 107 24382 x10°% 34289 x10%  2.1431x 10"
1940 1940 76121x107° 47941 x 10* 67291 x 10"*  4.2056 x 10™°
Sy Plpy 22000 x 107 14000 x 10°  1.9600 x 10”°  1.2700 x 10™*
25ph _*pp 54800 x 1072 3.3900 x 10 9.4000 x 10"  3.0100 x 10**
By 1.2900 x 107! 8.1000x 107®  1.1400x 10*®  7.1700 x 10**

TABLE 3. The Isotope Shifts for Single-Electron and Single-Muon Atoms

Nuclei  Log 8E Log 6E 5 Log SE}, Log 8E},
H -8.2183 -9.4225 ~1.2744 ~2.4782
Li -6.4999 ~7.7040 0.4446 -0.7595
Na -4.4089 -5.6129 2.5351 1.3310
Ag -2.1185 -3.3193 4.8279 3.6238
Eu -1.6576 -2.8538 5.2923 4.1038
Pb -1.2612 -2.4698 5.9731 44786
U -0.8894 -2.0915 6.0569 4.8555
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Figure 1. A graph of isotope shifts against the proton number Z for single-

electron and single-muon atoms

Figure 1 showed the relationship between the isotope shifts in the 1s and 2s
states muonic and electronic atoms. It can be observed from the Figure 1 that
the isotope shift in 2sstates are smaller than in the 1sstates for both muon and
electron hydrogen-like atoms. There is a rapid increase in the isotope shifts in
1s and Zs states with increasing Z The isotope shifts are very small for light 2
atoms. The shifts become more important with increasing Z for both electron
and muon atoms. This is due to the nuclear size effect. The order of magnitude
of isotope shifts for different orbiting particles in different energy states are as

follows:
SEY. > 8EY. > 8E,; > S6E,,

Table 4 and Table 5 compared the corrections, AEy,, AE,s, AEL. and AEL,
calculated from our results with the value of ground state corrections [/,
obtained from Ref. [2] based on the non-relativistic calculation. As can be seen
from Tables the agreement between the present results and the results from

Ref. [2] is very good.
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TABLE 4: The Value of Energy Shifts AE,; and AE, Derived from the Present
Work and from Non-Relativistic Calculation, AE y in 1s States from [2]

Nuclei *X,  AEq (eV) AEyg (eW) AE, (eV)
'H, 0.5598x107 0.5600x107 3.4987x107"°
°H, 1.1645x107 0.8890x107% 7.2784x107"°
A 1.4973x10°° - 0.9358x1077
i 1.9618x10° - 1.2261x107
! Nay, 6.2391x10* - 3.8994x107°
% Nay, 6.6291x10* - 4.1432x107°
%7 Ag,; 0.6157 0.6156 0.0386

' Ag, 0.6233 0.6232 0.0389

R 7 2.5015 2.5003 0.1563

1% Pty 2.5235 2.5223 0.1577

293 phy, 8.3262 8.3220 0.5204

295 ph, 8.3810 8.3770 0.5238

=5 Uy 15.2782 15.2700 0.9548

=8 Uy 15.4071 15.4000 0.9629

TABLE 5: The Value of Energy Shifts AEY, and AE’, . Derived from the Present
Work and from Non-Relativistic Calculation, AE y in 1sfrom [2]

Nuclei *X;,  AEY_(eV) AE} . (eV) AEh (eV)
'H, 0.04922 0.0450 0.0031

*H, 0.10238 0.0785 0.0064

SLi 13.1580 - 0.8227

i 15.9410 - 0.9963

! Nay, 5482.90 - 342.600

% Nay, 5825.80 - 364.560

Y7 gq,, 5.4110x10°° 5.4417x10"° 3.3816x10"°
9 Ag,. 5.4782x10"° 5.5093x10"° 3.4255x10"°
R 7 2.1975x10" 2.2102x10" 1.3736x10"°
R 7 2.2171x10" 2.2297x10" 1.3863x10"¢
2% phe 7.3537x10°7 7.8029x10"7 4.5716x10"°
295 phe, 7.3631x10°7 7.8533x10"7 4.6017x10"°
=5, 1.3422x10"° 1.3498x10"® 8.3889x10"°
“5 Uy 1.3536x10"° 1.3613x10* 8.4606x10"°
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The finite size Nuclear size corrections to the states p, d £ ... are very small [1]
and can be ignored for both single-electron and single-muon atoms. Here, we
calculated the values of the energy shift in the 1s and 2s levels of single-
electron and single-muon atoms due to the finite size of nucleus. We
compared our results with the correction to the ground state energy of the
hydrogenic atom obtained by Ref. [2] from first-order non-relativistic

perturbation theory:.

(AE)ng = = (Za)*R*mc? (15)

This is approximately equal to the standard expression for the nuclear size
correction to the 7" electronic level of a one-electron atom [4,5,7].

2Za)*y’
Evinite Size = 302 <R2>610 (16)

where, 1 and /are the reduced mass and orbital angular momentum quantum
number respectively, a is the fine structure constant and Ris the radius of the

nucleus.

Table 4 and Table 5 showed that our results are in good agreement with the
calculated values of the energy shift from the standard expressions (15) and
(16).

CONCLUSION

The muonic atoms are much more sensitive to the charge distribution of the
nucleus than electron atoms. Hence the relative contribution of the finite
nuclear size to the isotope shift in muonic atoms is much more than the
corresponding values for electron atoms, the difference is of about order of
10, This help identifying how significance isotope shift could be. Since the
nuclear finite size effect is proportional to the square of the nuclear radius, R
and to the mass of the orbiting particles (electron or muon), any difference in
isotope shift obtained from A//;; and A/ll,; could be attributed to a difference
in the size of the nucleus and in the effective interaction of orbiting particles

with the atomic nucleus. A better theoretical calculation for the different in
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nuclear size implies also an increase of the accuracy of future muonic atom

experiments.

RECOMMENDATIONS
This study is based on the isotope shifts in the 1sand 2s states of both single-

electron and single-muon atoms. It is recommended that for further study one

should expand this to isotope shifts for optical transition were isotope shifts

can be detected.
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