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ABSTRACT

The effect of recycle and time delay on the cubic autocatalytic reaction
model with linear decay in the absence of an autocatalyst in a
continuous stirred tank reactor (CSTR) is studied. The model comprises
a system of nonlinear ordinary differential equation which describes
the autocatalytic behavior of two chemicals (a reactant and an
autocatalyst) flowing into the CSTR. When the system is affected by
recycle r(using different values of r) without time delay T, the
concentration of the reactant decomposes until it reaches equilibrium
while the concentration of the autocatalyst oscillates in an unstable
pattern, but with increase in time 7. However, when the system is
affected by both recycle and time dalay, the concentrations oscillations
is quite small and unstable for the autocatalyst.

Keywords. Continuous stirred tank reactor (CSTR).Nonlinear ODE,
Recycle and Time delay

INTRODUCTION

During the early stages of cubic autocatalator research in an
isothermal and non-isothermal CSTR (Abasaeed (2000); Gray & Scott,
1984;Gray & Scott, 1985; Kanse ef al, (2012);Kay & Tomlin, 1989;King
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ef al, 2003;Mann (2009); Nauman (2008); Uppal & Poore, 1974), the
effect of recycle and delay on the stability of the reactor and reactants
were neglected. Badola ef al (1991) analyzed the bursting solution for
cubic autocatalysis in a CSTR with recycle and time delay. The
solutions to the delay differential equations were obtained using semi
implicit RungeKutta method. Incorporating a variable-step size
algorithm and a cubic spline interpolation routine was built into the
main algorithm. The analysis showed that in the absence of recycle, the
system has three steady states. They also carried out the investigation in
order to show the existence of bursting solutions in certain regions of
the parameter space. However, they only considered the case when the
system is feed with both reactant and autocatalyst and bifurcation

analysis was exempted.

The effect of delay on the stability of the non-isothermal CSTR
sustaining first-order reaction was investigated byBalasubramanian ef
al (2005). They observed that the system changes the dynamic
instability characteristics as a result of the delay. Gangadhar &
Balasubramanian (2010)studied the numerical bifurcation analysis of
delayed recycle stream in a CSTR using DDE-BIFTOOL in Matlab. A
first-order irreversible elementary reaction was considered. They
found that the system exhibits delay dependent stability under non-
isothermal operation of the CSTR..

Ariffin and Balasubramanian (2013) carried out a research on the
dynamic behavior of the cubic autocatalytic reaction with time delay
using the DDE23 in Matlab. They compared the results of Badola ef al
(1991) and Balasubramanian ef al (2005) and also included

bifurcation analysis in their studies. They observed that in the absence
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of delay, the system is dynamically unstable for the parameters
considered. However, the system changes the dynamic instability
characteristics to stable as a result of delay. Their analysis was only
restricted to the presence of both reactant and autocatalyst as studied
by Badola ef al (1991).

In this paper, the setup of a CSTR having a recycle stream is been
considered. The mass balance equation of the model will be derived,
thereafter, the dynamics of the model is studied. The effect of the
recycle and time delay on the model will be studied in the absence of
an autocatalyst. Numerical simulations are carried out to observe the

concentration behavior of the chemicals.

The Model Formation

In this section, the reaction model with recycle and delay parameters is
developed. For this setup, the exit stream of the reactor is sent through
the separation system and the unconverted reactant is sent to the CSTR
via the recycle stream which will lead to a time delay in the reaction
process. Fig 1 represents the schematic diagram of a CSTR with a
recycle stream to help understand better the movements of the
chemicals in and out of the tank.

From the law of conservation of mass, the mass balance equation for
reactant A and autocatalyst B is generated. This is given by

Mass accumulation = mass input — mass output + rate of reaction.
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Figl The CSTR with recycle stream

Mathematically this can be expressed as

Vi—?z(l— r)qu, +rqu(t—T)—qu —Vkuv?, (1)
V % =(L-r)qV, +rgv(t-T)—qv+V (kuv’ —k,v). (2)

The molar concentration of reactant A and autocatalyst B are
governed by the delay differential equations (1) and (2), where q is the
volumetric flow rate (ms™), T is the time delay and r is the recycle
ratio. Also from Figl, the term rq represents the flow rate of the

recycle stream, while (1-r)q represents the flow rate of the external

input feed.

Dividing (1) and (2) by Vv, gives
du
E:\%(1—r)u0+\%ru(t—T)—\%u—k1uv2, (3)
%:\%(1—r)vo+\%rv(t—T)—\%v+ k,uv? —k,v. (4)

From Badola et al., (1991), who studied the bursting solutions for the

cubic autocatalysis in the presences of an aotucatalyst. They noted that
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in the absence of a recycle stream, r =0, while when r =1, it represents
no input from the external feed, therefore, (1-r)q=0., hence complete
recycling. Also from initial stages while t<T, (when no contribution
from the recycle stream exists due to delay time) the external input is
assumed to operate at a higher flow rate which decreases itself by an
amount equal to rqwhen t=T. They also related in a simple fashion
the solution behavior of the system in the absence of recycle (r=0),
with that of the CSTR operating with recycle (0<r<1) but without
delay (T =0), by utilizing x[t—0]=x and y[t—0]=y. Thus, (3) becomes

du q q 2
-1 t-T)—=u-k . 5
kY. ru( ) VU ,uv ( )

Non-Dimensional

In this section the non-dimensional variables are defined in the form of

U, —u v v, 2 K, q
= ’ = =—, T= k U t ,y O = ’ = 6
U Y U, h U, e kuZ' T k2 (©)

X
du dx
From (6), u=u,(1-x). but i U, o and also v=yu,.

Substituting the values of u and v into (5), and dividing through by u,,

the equation becomes

dx _q g 2,2
—=—X({t-T)—-—x+kusy (1-Xx).
5~y T =X kugy (1-x)
Using chain rule that is %:%Xﬁ’ and from (6), t= *_ as such,
dr dt dr k,u?
E:i,thusv
dr  ku?
dx (g g ) zj 1
— = —=X(r-T)——x+(1-x)ku —,
i [V (=T ky’ o2
dx q q 2
—= X(r=T)— X+(@-x)y".
dr vz T g X a0y
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But y = therefore

2 ’
1u0

%:yrx(r—T)—}/X—l—(l—X)yz. ()

From (6), we have that v=u,y, therefore %:uoz—i’, substituting the

value for v into (4) and also substituting the non-dimesionless

variables gives

d

=Dy Y -T) =Y+ -0y ~ay. 8)
Equations (7) and (8) are the governing ODE when there is time delay
which is the same as used by Badola ef al, (1991). While in the

absence of time delay equation (7) and (8) becomes

dx )

— =yIX—yX+([@1-X)y*, 9

A +(1-x)y (9)

d

d—z=7(1—r)yo+7ry—7y+(1—><)y2—ay- (10)
NumericalSimulations

The numerical simulation of the cubic autocatalytic reaction with the
effect of recycle and time delay is considered in this section. The
simulations will be carried for the case where there is absence of an
autocatalyst. The simulations will be studied for different values of
recyle and time delay. It is of importance to know what happens to
model in the absence of an autocatalyst as this has been one of the

shortcomings of previous research.

The effect of recycle and time delay in the absence of autocatalyst
In this section, the dynamic behavior of the effect of recycle and time

delayon the cubic autocatalytic reaction will be studied with and
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without the presence of time delay respectively. The simulation will
also be performed using different values for the recycle r. Some of the
values used are as considered by Ariffin and Balasubramanian (2013),
were they studied the dynamics of recycle and time delay in the
presence of an autocatalyst. The simulation analysis is shown in Fig2
without time delay for the concentration of the reactant x and

autocatalyst y.

(a) r=0 (by r=0.2

B EIEN =

Fig2  Behavior of the reactant x and aufocatalyst y in the
absence of delay, T =0 for (a) r=0, (b) r=0.2 and (c)

r=0.5, in the absence of an autocatalyst

From the simulation analysis carried out, it is observed that the
concentration of the reactant decomposes until it reaches an
equilibrium state. While the concentration of the autocatalyst oscillates

in an unstable pattern, but with increase in time z, the reaction
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becomes stable as it heads towards an equilibrium state. Though the
concentration values in the absence of the autocatalyst is so small but if

not acknowledged, could have an effect on the end product.

The next simulation shows the dynamics of the system in the presence
of time delay (T >0). The dynamics will be observed in two states one
of which the recycle parameter is fixed and the time delay is varied,
while the other has a fixed value for the time delay and the recycle
parameter is varied. Fig3 illustrates the concentration behavior of the
autocatalyst with different values of time delay for a fixed value of

recycle parameter (r =0.5).
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Fig3 Behavior of the reactant x and autfocatalyst y with a tixed
value of recycle parameter r =05 for (a) T =250, (b)
T =500, (¢) T =1000, (d) T =1080 and (e) T =1100, i the
absence of an aufocatalyst

In the absence of the autocatalyst, Fig 3 reveals that the amplitude in
the concentrations oscillation is quite small and unstable for the
autocatalyst. Though, with increase in the time delay, the frequency
reduces and gradually there is a relaxation in the amplitude. However,
it is also observed that the pattern of oscillation when T =250 to T =500
is different from when T =1000 to T =1080, and at T =1100 the

oscillation assumes its previous form.

Subsequently, the next analysis displays the behavior of the
autocatalyst with variation in the recycle parameter at a fixed value of
time delay (T =1080).This value is considered because its oscillatory
pattern is different from others. Thus, we want to see if a change in
values of the recycle parameter will have an effect on this behavior. Fig
4 displays the the behavior in the concentration of the autocatalyst

with varied recycle parameter at a fixed value of time delay.
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Fig4 Behavior of the reactant x and aufocatalyst y with a fixed value
of time delay T =1080 for (a) r=0.1, (b) r=0.2, (c) r=04, (d)

r=06, (¢) r=08 and (f) r=09, in the absence of an
autocatalyst

Fig 4 reveals that at r =0.4, there is a relaxation state in the frequency
of the oscillation which exhibits an unstable pattern. The oscillation

however, disappears as the reaction heads towards completion. The

10
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Figure also reveals that even with an increase in the recycle parameter,

the oscillations will always head towards an equilibrium state.

CONCLUSION

At the end of this paper,the numerical simulation of the model was
carried out in the case where there is an absence of autocatalyst.
Different values of recycle r and time delay T were analyzed and the
result of the observations were translated. The reactant x is always
decomposing for all cases in the absence of the autocatalyst, while the

autocatalyst y oscillates before reaching an equilibrium state.
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